Cospectral budgets are used to link the kinetic and potential energy distributions of turbulent eddies, as measured by their spectra, to macroscopic relations between the turbulent Prandtl number (Pr t ) and atmospheric stability measures such as the stability parameter z, the gradient Richardson number R g , or the flux Richardson number R f in the atmospheric surface layer. The dependence of Pr t on z, R g , or R f is shown to be primarily controlled by the ratio of Kolmogorov and Kolmogorov-Obukhov-Corrsin phenomenological constants and a constant associated with isotropization of turbulent flux production that can be independently determined using rapid distortion theory in homogeneous turbulence. Changes in scaling laws of the vertical velocity and air temperature spectra are also shown to affect the Pr t -z (or Pr t -R g or Pr t -R f ) relation. Results suggest that departure of Pr t from unity under neutral conditions is induced by dissimilarity between momentum and heat in terms of Rotta constants, isotropization constants, and constants in the flux transfer terms. A maximum flux Richardson number R fm predicted from the cospectral budgets method (50.25) is in good agreement with values in the literature, suggesting that R fm may be tied to the collapse of Kolmogorov spectra instead of laminarization of turbulent flows under stable stratification. The linkages between microscale energy distributions of turbulent eddies and macroscopic relations that are principally determined by dimensional considerations or similarity theories suggest that when these scalewise energy distributions of eddies experience a ''transition'' to other distributions (e.g., when R f is increased over R fm ), dimensional considerations or similarity theories may fail to predict bulk flow properties.
Introduction
The significance of exchanges of momentum, heat, water vapor, and trace gases such as CO 2 and CH 4 between the earth's surface and the atmospheric boundary layer (ABL) is rarely questioned (Brutsaert 1982; Stull 1988; Baldocchi et al. 2001; Stensrud 2007) . These exchanges are governed by turbulence in the lower atmosphere, which is generated by both shear and buoyancy forces (Obukhov 1946; Monin and Obukhov 1954) . It is often assumed that the turbulent transport of heat (as well as other scalars, such as water vapor and CO 2 ) is similar to the turbulent transport of momentum, given that the same eddies are the transporting agent for momentum, heat, and scalars. This assumption is often referred to as the Reynolds analogy (Kays 1994) and is used extensively in applications where eddy diffusivities are required. However, dissimilarity between turbulent transport of momentum and scalars for unstable stratification has been well documented in the ABL even prior to the weighty Kansas experiments (Businger et al. 1971; Brutsaert 2005) .
The turbulent Prandtl number (Pr t ), a nondimensional number defined by the ratio of turbulent diffusivities of momentum and heat (Kays 1994) , is commonly used to account for such dissimilarity. It is an important parameter in closure schemes for the Reynolds-averaged Navier-Stokes equations (Mellor and Yamada 1974; Stull 1988 ) and a similar parameter (i.e., the subgrid-scale Prandtl number) is also widely used in large-eddy simulation (LES) (Lilly 1992; BouZeid et al. 2008) . Numerous studies have reported Pr t in wall-bounded turbulent boundary layers under ''ideal'' laboratory conditions (Yakhot et al. 1987; Kays 1994) and are not reviewed here. In the logarithmic region, where the Pr t is expected to be a constant for fluids with molecular Prandtl number (Pr m , the ratio of kinematic viscosity and molecular thermal diffusivity) of order unity such as air and water, the value of Pr t reported in the literature ranges from 0.73 to 0.92 (Kays 1994) . The Pr t values reported in the well-studied atmospheric surface layer (ASL), which is the lowest 50-100 m of the ABL and corresponds to the logarithmic region reported in laboratory experiments (Businger et al. 1971; Högström 1988) , exhibit much larger scatter even for near-neutral conditions (i.e., in the absence of buoyancy flux at the surface). Moreover, Pr t in the ASL is further affected by the thermal stratification or atmospheric stability (Businger et al. 1971; Högström 1988; Li and Bou-Zeid 2011; Li et al. 2012) . Explaining the causes of variability in the turbulent Prandtl number frames the scope of this work.
Despite significant advances in experiments and numerical simulations, a unified phenomenological theory that (i) elucidates possible departures of Pr t from unity under near-neutral conditions, (ii) predicts variations of Pr t with atmospheric stability from unstable through stable stratification in the ASL, and (iii) captures the impacts of various physical processes, such as flux transport terms, on Pr t is currently lacking. Few recent studies (Katul et al. 2011; Li et al. 2012 ) have attempted to unravel the impact of thermal stratification on Pr t in the ASL building on recent phenomenological arguments developed for the mean velocity profile in pipes (Gioia et al. 2010) . In those studies, it was conjectured that the quasi-universal behavior of Pr t with atmospheric stability parameters in the ASL may be connected to the quasi-universal spectral shapes whose finescales are reasonably described by Kolmogorov's theory in the inertial subrange (Katul et al. 2011; Li et al. 2012) . Two recent studies formalized these linkages by analytically solving cospectral budgets for momentum and heat fluxes with prescribed idealized spectral shapes for vertical velocity and air temperature anchored to Kolmogorov's phenomenological theory at small scales (Katul et al. 2013b (Katul et al. , 2014 . The cospectral budgets method was shown to reproduce many bulk relations reported in experiments, simulations, and other models (Yamada 1975; Zilitinkevich et al. 2008 Zilitinkevich et al. , 2013 , including the variation of Pr t with atmospheric stability parameters. These studies suggest that linkages must exist between the spectral shapes of vertical velocity and air temperature and the bulk relations for the mean flow, which are principally determined from dimensional considerations or similarity theories.
Building on these phenomenological studies, the objective of this work is to generalize earlier phenomenological theories so that they can accommodate measured alterations in scaling laws in vertical velocity and air temperature spectra as atmospheric stability changes (Kader and Yaglom 1991) . The dependence of Pr t on other important physical processes that have not been considered in previous studies is also analyzed over a wide range of atmospheric stability conditions. The work here aims to link the spectral shapes of vertical velocity and air temperature, which describe the microscale states of turbulent kinetic and potential energy distributions, as shall be seen later, to the bulk flow properties, such as Pr t . This linkage is particularly important for improving atmospheric modeling, because turbulence in the ABL spans an enormous range of scales, and different physical processes occur at different scales, which cannot be fully captured by parameterizations of bulk flow properties that are widely used in current numerical weather and climate models (Stensrud 2007) . For example, there is strong coupling between small-scale turbulence and microphysical/aerosol processes (Bodenschatz et al. 2010) . Moreover, the fast degeneration of small-scale turbulence but the long lifetime of large-scale turbulence after sunset is a key for maintaining turbulent mixing during nighttime in the ABL (Stull 1988) .
The paper is organized as follows. Section 2 presents the theory, including the cospectral budgets for momentum and heat fluxes and how they are solved with the aid of idealized spectral shapes for vertical velocity and air temperature. Section 3 presents the resulting solution and compares the solution to experiments and other models, and section 4 concludes with the implications of these results to ASL flows.
Theory a. Background and definitions
The turbulent Prandtl number is defined as (Kays 1994 )
where K m and K h are turbulent or eddy diffusivities for momentum and heat, respectively; the overbar denotes averaging over coordinates of statistical homogeneity; u 0 , w 0 , and T 0 are turbulent fluctuations of the longitudinal velocity, vertical velocity, and air temperature, respectively, from their averages; u 0 w 0 is the turbulent momentum flux; w 0 T 0 is the turbulent sensible heat flux; S 5 ›U(z)/›z is the mean velocity gradient; and G 5 ›T(z)/›z is the mean air temperature gradient. To describe thermal stratification effects on S and G as well as other flow statistics, Monin-Obukhov similarity theory (MOST), is commonly employed (Obukhov 1946; Monin and Obukhov 1954; Businger and Yaglom 1971) . MOST assumes that the flow in the ASL is stationary, planar homogeneous, and without subsidence, characterized by sufficiently high Reynolds and Peclet numbers so that viscous and molecular diffusion effects are negligible compared to K m and K h . When these assumptions are applied to the mean momentum and mean temperature budgets, the resulting outcome is that u 0 w 0 and w 0 T 0 become independent of height z. It is for this reason that the idealized ASL is also labeled as the constant-flux region. Using only dimensional considerations, Monin and Obukhov showed that distortions to the classical logarithmic velocity and air temperature profiles by buoyancy can be accounted for by stability correction functions f m and f h (Obukhov 1946; Monin and Obukhov 1954; Businger and Yaglom 1971) , respectively, given as follows:
where k ' 0:4 is the von Kármán constant, z is height from the ground surface or zero-plane displacement and is assumed to be much larger than the depth of the viscous sublayer, u * 5 (2u 0 w 0 ) 1/2 is the friction velocity, and T * 5 2w 0 T 0 /u * is a temperature scaling parameter. The stability parameter is defined as z 5 z/L, with L 5 2u 3 * /(kbw 0 T 0 y ) being the Obukhov length (Obukhov 1946) ; b 5 g/T y is the buoyancy parameter; g is the gravitational acceleration; and T y is the virtual temperature, with T 21 y being the coefficient of expansion for an ideal gas. For simplicity, the virtual temperature is approximated by the air temperature here given the minor impact water vapor flux has on the overall buoyancy flux. When z , 0, the ASL is unstable (e.g., during daytime over land); and when z . 0, the ASL is stable (e.g., during nighttime over land). When z ' 0, the ASL is labeled as neutrally buoyant (or neutral), and no significant density gradients are expected due to surface heating or cooling.
Based on these definitions, Pr t can be related to the stability correction functions using
b. Cospectral budgets of momentum and heat fluxes
The turbulent momentum and heat fluxes are linked to eddy sizes or wavenumbers using the cospectral definitions:
where F uw (K) is the cospectrum of u 0 and w 0 ; F wT (K) is the cospectrum of w 0 and T 0 ; and K is a one-dimensional wavenumber in the streamwise direction. This definition of K is selected here to be consistent with the myriad of ASL experiments (Kaimal et al. 1972; Kaimal 1973; Kaimal and Finnigan 1994; Wyngaard and Cote 1972) that report spectra and cospectra from single-point time series measurements converted to one-dimensional streamwise wavenumber using Taylor's frozen turbulence hypothesis (Taylor 1938) .
Before the cospectral budgets of momentum and sensible heat fluxes are presented, a brief summary of the main budgets of momentum and heat fluxes in the idealized ASL is provided. These budgets are
where r is the mean air density, p is the air pressure, n is the kinematic viscosity, and D m is the molecular thermal diffusivity. The molecular Prandtl number of air is defined as Pr m 5 n/D m ' 0:72. The terms on the left-hand side of the equations represent changes in covariances (i.e., u 0 w 0 and w 0 T 0 ) with time. The terms on the righthand side of the equations represent (in order): production terms due to the presence of mean velocity and air temperature gradients (2w 0 w 0 S and 2w 0 w 0 G), flux transport terms that represent turbulent transport of momentum and heat fluxes (2›w 0 w 0 u 0 /›z and In correspondence, the cospectral budgets of momentum and heat fluxes in the ASL can be simplified as follows (Panchev 1971; Bos et al. 2004; Bos and Bertoglio 2007; Canuto et al. 2008; Katul et al. 2013a) :
The terms on the left-hand side of the equations represent temporal changes in the cospectra. The terms on the righthand side of the equations represent (in order): production P, flux transfer T, pressure decorrelation p, buoyancy (bF uT and bF TT ), and molecular destruction. The term F uT is the cospectrum of u 0 and T 0 , and F TT (K) is the spectrum of air temperature. The molecular destruction terms are assumed to be small since they are, in principle, significant at sufficiently large wavenumber on the order of 1/h, where h is the Kolmogorov microscale scale (on the order of 0.1-1 mm in the ASL). This is essentially assuming that eddies with sizes on the order of h do not contribute significantly to momentum and heat fluxes (at least when compared to other mechanisms such as p). The term F uT (K) is assumed to be small compared to P uw (K) and can be ignored. This is because it involves the correlation between the turbulent longitudinal velocity and air temperature, which is often small in the ASL, as demonstrated using direct numerical simulations (DNS) (Katul et al. 2014; Shah and Bou-Zeid 2014) and scaling arguments (Stull 1988) . Hence, as a starting point, the cospectral budgets of momentum and heat fluxes here involve only the most basic terms common to all models and are given by
The production terms can be obtained from direct Fourier transforming 2w 0 w 0 S and 2w 0 w 0 G:
where F ww (K) is the vertical velocity spectrum. The flux transfer terms act to transport fluxes away from the peak of the cospectra; hence, they are parameterized using a spectral gradient diffusion model as follows (Bos et al. 2004; Bos and Bertoglio 2007) :
where A UU and A TT are model constants associated with the flux transfer terms and « is the mean dissipation rate of the turbulent kinetic energy (TKE). Throughout, the term ''flux transport'' is used in the context of Reynoldsaveraged equation, while the term ''flux transfer'' is used in spectral space. It is also conceivable that the flux transport terms are negligible in an idealized ASL, but the flux transfer terms can be significant at a given K.
To model the pressure decorrelation terms, a Rottatype parameterization is invoked in the spectral domain and corresponds to the one widely used in second-order closure schemes (Mellor and Yamada 1974; Yamada 1975) . The limitations of such a Rotta approach are reasonably established (Choi and Lumley 2001) ; however, this parameterization remains the primary ''work horse'' model to close pressure-scalar and pressurevelocity covariances with some success (Launder et al. 1975) . The following standard closure formulations are employed here (Launder et al. 1975; Pope 2000) :
where A T and A U ('1.8) are the Rotta constants (Pope 2000) , C IT and C IU ('3/5) are constants associated with isotropization of production terms (herein referred to as the isotropization constants), which can be determined using rapid distortion theory in homogeneous turbulence (Pope 2000) . The parameters t uw (K) and t wT (K) are relaxation time scales for momentum and heat fluxes, respectively, which are also wavenumber dependent. A widely used formulation for t uw (K) and t wT (K) is given by the following (Corrsin 1961; Bos et al. 2004; Bos and Bertoglio 2007; Cava and Katul 2012; Katul et al. 2014) :
With these parameterizations, Eqs. (11) and (12) reduce to
The above equations for F uw (K) and F wT (K) can be solved once F ww (K) and F TT (K) are known or specified. The precise spectral shapes of F ww (K) and F TT (K) will be discussed later. However, for illustration purposes, it is convenient to begin with a single power-law formulation with F ww (K) 5 C ww K 2a and
, where a and g are spectral scaling exponents and C ww and C TT are normalization factors.
c. Solving the cospectral budgets for momentum and heat fluxes
Equations (20) and (21) reduce to two (uncoupled) firstorder ordinary differential equations, given as follows:
where
. These two equations can be solved to yield the following:
where E 1 and E 2 are integration constants to be determined later. The above solutions implicitly require D 1 $ a 1 2/3 and D 3 $ max(a 1 2/3, g 1 2/3). That is, A U /A UU $ a 2 1, and A T /A TT $ max(a 2 1, g 2 1).
d. Idealized spectral shapes of F ww (K) and F TT (K)
In this section, multiexponent approximations to F ww (K) and F TT (K) are evaluated so that Eqs. (24) and (25) can be integrated across all K so as to obtain the momentum and heat fluxes. One plausible approximation assumes that the spectra of vertical velocity and temperature simply follow the Kolmogorov 25/3 scaling for all K . K a and level off for all K , K a for near-neutral and stable stratification, where K a ' 1/z is a transition wavenumber delineating attached eddies to the boundary from detached eddies assumed to follow inertial subrange scaling (Katul et al. 2014 ). An outcome of this approximation is a connection between A U , C IU , the Kolmogorov phenomenological constant C o in the inertial subrange, and the von Kármán constant k (Katul et al. 2014) . Later, this idealized spectral shape of F TT (K) was modified in Li et al. (2015, manuscript submitted to Bound.-Layer Meteor.) to accommodate the presence of 21 scaling in the low-wavenumber part based on ASL measurements above lakes and glaciers. Both studies (Katul et al. 2014; Li et al. 2015 , manuscript submitted to Bound.-Layer Meteor.) focused on stable ASL conditions and did not consider any effects of flux transfer terms in their analyses. Other studies did consider flux transfer terms in their scalar cospectral budgets (Cava and Katul 2012; Katul et al. 2013a ), but these studies primarily focused on the effects of flux transfer terms on inertial subrange scales, not on bulk flow properties.
More realistic spectral shapes are assumed here for both F ww (K) and F TT (K), shown in Fig. 1 , that reflect observed scaling exponents in the ASL reported from long-term field experiments (Kader and Yaglom 1991) .
FIG. 1. The assumed shapes of (a) the vertical velocity and (b) the air temperature spectra as a function of wavenumber K for nearneutral and stable conditions (solid lines) and free-convective conditions (dashed lines). When K . K a , the spectra under nearneutral and free-convective conditions overlap. The transition wavenumbers K d and K a are indicated by the dashed-dotted lines, and they can be different for F ww (K) and F TT (K), as denoted by the subscripts w and T, respectively.
Both F ww (K) and F TT (K) follow the expected Kolmogorov 25/3 power-law scaling at sufficiently large wavenumber (Kolmogorov 1941) . The 25/3 scaling commences from K d under free-convective conditions (z / 2') but starts from K a ' 1/z under neutral and stable conditions. A 21 power-law scaling is allowed to exist over a range of low wavenumbers (from K d to K a ) for F TT (K), but not for F ww (K) under near-neutral and stable conditions to explore the impact of the possible occurrence of a 21 scaling in F TT (K), as suggested by several ASL experiments reported elsewhere (Kader and Yaglom 1991; Katul et al. 1995; Katul and Chu 1998; Li et al. 2015 , manuscript submitted to Bound.-Layer Meteor.). Both spectra are assumed to become invariant with K when K , K d to accommodate finite energy associated with very-largescale and super structures recently reported in laboratory and ASL turbulence (Guala et al. 2010; Hutchins et al. 2012 ) and reviewed elsewhere (Marusic et al. 2010; Smits et al. 2011) . Hence, as a compromise between realistic spectral shapes in the ASL and the need for maximum simplicity in analytical tractability, the following idealized forms for F ww (K) and F TT (K) are assumed:
As can be seen from Fig. 1 , a 1 5 0, g 1 5 0, and a 3 5 g 3 5 5/3. Under neutral and stable conditions, a 2 5 0 and g 2 5 1, while a 2 5 g 2 5 5/3 under free-convective conditions. An interpolation a 2 5 5/3[1 2 exp(5z)] is used to cover the whole range of z # 0 so that a 2 satisfies both the neutral and the free-convective limits. Similarly, g 2 5 2/3[1 2 exp(5z)] 1 1 is used when z # 0. As such, the possible existence of 21 exponent in air temperature spectra is restricted to be within a limited range of z (i.e., under near-neutral conditions) when z , 0, as reported in previous ASL experiments (Kader and Yaglom 1991; Katul et al. 1995) .
The values of C ww 3 and C TT 3 can be determined from Kolmogorov's theory (Kolmogorov 1941) for the inertial subrange: C ww 3 5 C o « 2/3 and C TT 3 5 C T N T « 21/3 , where C o is defined above and C T is the KolmogorovObukhov-Corrsin phenomenological constant. For a one-dimensional-wavenumber interpretation, their values are C o 5 0:65 and C T 5 0:8 (Ishihara et al. 2002; Chung and Matheou 2012) . The parameter « is the mean turbulent kinetic energy dissipation rate, and N T is the mean temperature variance dissipation rate. The values of C ww 2 , C ww 1 , C TT 2 , and C TT 1 are then determined from continuity constraints on the spectra (e.g.,
It is to be noted that the turbulent kinetic energy in the vertical direction (TKE w ) and the turbulent potential energy (TPE) can be linked to F ww (K) and F TT (K) (Zilitinkevich et al. 2007 (Zilitinkevich et al. , 2008 (Zilitinkevich et al. , 2013 Li et al. 2015 , manuscript submitted to Bound.-Layer Meteor.) using
TPE 5 1 2
Hence, specifying F ww (K) and F TT (K) is analogous to specifying the vertical kinetic and potential energy distributions of turbulent eddies at each K. This provides a clear connection between the proposed cospectral budget model here and the energy-and flux-budget (EFB) turbulence closure approach proposed by Zilitinkevich et al. (2007 Zilitinkevich et al. ( , 2008 Zilitinkevich et al. ( , 2013 , since TKE w /TPE was shown to be a significant parameter in the EFB model.
e. The integration constants E 1 and E 2
Besides the spectral shapes of F ww (K) and F TT (K), the integration constants (i.e., E 1 and E 2 ) are also required to evaluate F uw (K) and F wT (K). Katul et al. (2013a) assumed that ›F wT (K)/›K becomes zero when K 5 K a . As a result, the flux transfer term in the cospectral budget of heat flux affects f h only by a constant that is dependent on A TT /A T . In our study, the integration constants (i.e., E 1 and E 2 ) are simply assumed to be zero. This is supported by experiments and DNS that reported 27/3 power-law scalings in the inertial subrange of momentum and heat flux cospectra (Kaimal and Finnigan 1994; Pope 2000) . Note, Eqs. (24) and (25) yield 27/3 scaling in the inertial subrange of F uw (K) and F wT (K), respectively, when E 1 5 0 and E 2 5 0 are assumed, given a 5 5/3 and g 5 5/3 in the inertial subrange. It is pointed out here that the impact of flux transfer terms is not completely eliminated by doing so since the other terms on the right-hand side of Eqs. (24) and (25) are still affected by flux transfer terms. However, the impact of the flux transfer terms on the anomalous scalings in the inertial subrange of momentum and heat flux cospectra are excluded when setting E 1 5 0 and E 2 5 0.
Results
Using the idealized spectral shapes of F ww (K) and F TT (K) and the assumption of E 1 5 E 2 5 0, Eqs. (5) and (6) can now be evaluated:
Again, for maximum simplicity, local balances between production and dissipation terms in the TKE and in the temperature variance budgets are assumed to yield (Katul et al. 2014; Li et al. 2015 , manuscript submitted to Bound.-Layer Meteor.):
), and
To ensure a downgradient sensible heat flux, Q . 0. The parameters f 1 , g 1 , and g 2 encode the shape functions of the vertical velocity and temperature spectra. When z 5 0 (i.e., under neutral conditions), Pr t (denoted as Pr t,neu ) becomes
The departure of Pr t,neu from unity, as predicted from earlier theories (Mellor and Yamada 1974; Yamada 1975; Reynolds 1975; Yakhot et al. 1987; Zilitinkevich et al. 2008 Zilitinkevich et al. , 2013 and many experiments and simulations (Businger et al. 1971; Högström 1988; Kays 1994 ) can now be critically examined. The main mechanisms that introduce such departures are A TT 6 ¼ A UU , C IU 6 ¼ C IT , and f 1 6 ¼ g 1 . As shown later, inequality between f 1 and g 1 is primarily due to the inequality between A TT /A T and A UU /A U . Consequently, inequality in the Rotta constants, isotropization constants, and constants in flux transfer terms between momentum and heat lead to Pr t,neu different from unity. Naturally, the assumed balances between production and dissipation in the turbulent kinetic energy and temperature variance budgets also introduce further uncertainties. The evidence in the literature thus far seems to be in support of such approximations for unstable conditions when data are conditioned for stationarity and planar homogeneity in the absence of subsidence (Hsieh and Katul 1997; Charuchittipan and Wilson 2009; Salesky et al. 2013 ), but for stable conditions, the emerging picture is far less clear (Salesky et al. 2013) . Moreover, most ASL data tend to be infected by high-intensity turbulent flow conditions at the very stable and near-convective conditions, thereby complicating the use of Taylor's frozen turbulence hypothesis to infer dissipation rates from structure functions or spectra.
From Eq. (30), Pr t can also be expressed as Pr 
Assuming that the stability correction function f m is given by its Businger-Dyer form (Businger et al. 1971 ), a form shown to be reasonable from recent multilevel ASL experiments (Salesky et al. 2013) , the dependence of Pr t on z is then primarily controlled by v 1 : namely, by the ratio of the Kolmogorov to the KolmogorovObukhov-Corrsin phenomenological constants (C T /C O ); a constant associated with isotropization of the production (C IT ), the value of which can be determined from rapid distortion theory in homogeneous turbulence (53/5); and the ratio of g 2 /g 1 encoding differences in the spectral shapes of vertical velocity and air temperature. The near-universal values of the Kolmogorov and the Kolmogorov-Obukhov-Corrsin phenomenological constants have been investigated extensively (Sreenivasan 1995 (Sreenivasan , 1996 Yeung and Zhou 1997) . The dependence of the Pr t -z relation on the ratio of two constants suggests that a possible universal Pr t -z relation (or Pr t -R g , where R g is the gradient Richardson number; see below) may be inherited from the Kolmogorov cascade in the inertial subrange, which is consistent with recent literature demonstrating that there are strong linkages between macroscopic features in the logarithmic region of wall-bounded turbulent flows and the Kolmogorov scaling (Gioia et al. 2010; Katul et al. 2013a Katul et al. , 2014 Katul et al. , 2013b Li et al. 2012; Zúñiga Zamalloa et al. 2014; Katul and Manes 2014) . In addition, the fact that the Pr t -z relation depends on the ratio of C T /C O (basic constants associated with spectral shapes of temperature and velocity) suggests that both TPE and TKE w are important energetics in the ASL, consistent with the EFB model (Zilitinkevich et al. 2007 (Zilitinkevich et al. , 2008 (Zilitinkevich et al. , 2013 . To illustrate this point further, assuming the 21 scaling is absent in air temperature spectra under neutral and stable conditions (see Fig. 1 ), C T /C O is related to the ratio of TPE and TKE w through
Interestingly, R f at which the vertical turbulent kinetic energy is balanced by the turbulent potential energy is
is much stronger than R f imposed from TKE balance considerations alone [i.e., « 5 2w 0 u 0 S(1 2 R f ) . 0] that yield R f , 1. However, this constraint on R f (,0:45) is not the most severe, as discussed next. In addition to z, R f and R g are also widely used to indicate the thermal stratification or the stability effect in the ASL. Using R f 5 z/f m , Pr t can be formulated as a function of R f :
Given that the Pr t 5 R g /R f , Pr t can be readily expressed as a function of R g , as follows:
where v 2 5 v 1 1 1. The flux Richardson number is also readily related to R g through R f 5 Pr 21 t,neu 2 6 6 4
An interesting outcome of Eq. (40) is that R f is limited by some threshold or the ''maximum flux Richardson number'' R fm as R g increases. The physical meaning of this maximum flux Richardson number is that R f cannot increase infinitely under stable conditions as R g increases (Galperin et al. 2007 ). The gradient Richardson number can be viewed as an external variable that characterizes the mean flow; as a result, the increase of R g is not limited by the internal turbulence state (Zilitinkevich et al. 2007 ). However, R f depends on the internal turbulence state and becomes saturated at high stability, as already shown in Katul et al. (2014) . This maximum flux Richardson number can be inferred from Eq. (38), given that the sensible heat flux is downgradient (hence Q . 0 and Pr t . 0) and R f , 1 so that
When A U 5 A T 5 1:8, C IU 5 C IT 5 3/5, and g 2 5 g 1 , the value of R fm is 0.25, which is in agreement with the values of R fm reported in the literature (0.2-0.25). It is pointed out here that R fm should not be equated to the ''critical gradient Richardson number'' R gc inferred from the classic Miles-Howard theory. This aforementioned theory yields a prediction of a critical R g 5 0:25 associated with instability of a laminar boundary layer (Miles 1961; Howard 1961) . The critical gradient Richardson number of the Miles-Howard theory was assumed to represent a critical Richardson number in some turbulent studies, though this representation has been questioned (Monin and Yaglom 1971) . The concept of the critical gradient Richardson number characterizing a laminarturbulent transition is not applicable to a laminarization of a turbulent ASL, as discussed elsewhere (Galperin et al. 2007; Zilitinkevich et al. 2007 ). Different from a critical gradient Richardson number of the MilesHoward theory, the maximum flux Richardson number is used to indicate a saturation value of R f with increasing R g in turbulent flows. We note that R fm has also been labeled as a ''critical'' Richardson number in some other studies (Yamada 1975; Grachev et al. 2013) , but this label is not linked with the Miles-Howard theory (even though the maximum flux Richardson number value is close to 0.25). To avoid ambiguity in nomenclature, this saturated value in a turbulent ASL is labeled as the maximum flux Richardson number. The implications of this R fm in the cospectral budget framework are explained later. In addition, how the value of R fm is influenced by the possible existence of 21 scaling in air temperature spectra and the flux transfer terms are also explored.
a. Evaluation of modeled Pr t from proposed cospectral budgets
Previous studies demonstrated the utility of the cospectral budgets in reproducing variations of Pr t,neu with z under unstable conditions reported in many experiments. The model with K d,w 5 0:8K a,w (black line) reduces Pr t under very unstable conditions and better agrees with experiments, suggesting the need for a further extension of the 25/3 scaling in F ww (K) as instability increases, which is in agreement with spectral shapes reported elsewhere for forced and free convection in the ASL (Kader and Yaglom 1991) .
The cospectral budgets model is further compared against the EFB turbulence closure model developed for stable conditions (Zilitinkevich et al. 2007 (Zilitinkevich et al. , 2008 (Zilitinkevich et al. , 2013 in Fig. 3 . The Pr t -R g relation instead of the Pr t -z relation is examined under stable conditions to avoid selfcorrelation between Pr t and z or R f reported in the experiments (Klipp and Mahrt 2004; Esau and Grachev 2007; Grachev et al. 2007; Anderson 2009; Rodrigo and Anderson 2013) . Zilitinkevich et al. (2013) pointed out that under stable conditions, Pr t increases as R g increases and has the asymptote Pr t / R g /R fm when R g / '. t,neu from the cospectral budgets when K d,T 5 K a,T 5 K a,w (i.e., no 21 power scaling in the air temperature spectra) and K d,w 5 0:8K a,w (black solid line) or K d,w 5 K a,w (black dashed line) with experiments and simulations for a wide range of unstable conditions. The inequality between K d,w and K a,w only affects the unstable part, since only under unstable conditions is the scaling between K d,w and K a,w nonzero. Data are from ASL field experiments 8 in Kansas (Businger et al. 1971) ; P in Kerang and Hay, Australia (Brutsaert 1982) ; 9 in Pampa, Brazil (Moraes 2000) ; D in Tsimlyansk, Russia (Kader and Yaglom 1990) ; and u in Gotland Island, Sweden (Smedman et al. 2007 ).
FIG. 3. Comparison between modeled Pr
21 t /Pr 21 t,neu from the cospectral budgets model and from the EFB model with experiments and simulations for a wide range of stable conditions. Data are from numerical simulations, including DNS and LES, laboratory, and field experiments: 8 for DNS (Shih et al. 2000) , 9 for DNS (Stretch et al. 2010) , P for DNS (Chung and Matheou 2012) , D for LES (Esau and Grachev 2007) , ) for LES (Andren 1995) , 1 for water channel (Rohr et al. 1988) , u for wind tunnel (Webster 1964) , s for wind tunnel (Ohya 2001) , and * for SHEBA field experiment ).
decreasing trend of Pr 21 t ) as R g increases, which is also consistent with other theoretical work using the quasinormal scale elimination theory (Galperin et al. 2007 ). Moreover, as R g /', Pr t is almost a linear function of R g , the slope of which is also similar to the slope from the EFB model (not shown here but similar slopes in the two models can be inferred from Fig. 3) , implying that the R fm values are similar in both the cospectral budgets model and the EFB model. It is, however, noted here that R fm 5 0:25 was preset in the EFB model, while it is an outcome of model calculations in the cospectral budgets. b. The impact of possible 21 scaling in air temperature spectra on Pr t
The 21 power-law scaling has been reported in several ASL experiments for the spectra of streamwise velocity, pressure, and skin and air temperature, especially for near-neutral conditions (Kader and Yaglom 1991; Katul et al. 1995 Katul et al. , 1996 Katul and Chu 1998; McNaughton and Laubach 2000; Katul et al. 2012; Banerjee and Katul 2013; Katul et al. 2013b) . A recent study also showed that a 21 power-law scaling existed in air temperature spectra for near-neutral to mildly stable conditions over lakes and glaciers (Li et al. 2015 , manuscript submitted to Bound.-Layer Meteor.). However, the universal character of the 21 scaling in air temperature spectra remains questionable. For example, early experiments by Pond and coworkers over sea do report a K 21 scaling in their longitudinal velocity spectra but not in their air temperature (or vertical velocity) spectra (Pond et al. 1966) . Likewise, measured air temperature spectra in a stable ASL reported by Grachev et al. (2013) also do not support an extensive 21 power-law scaling. Hence, an exploration of how the 21 power-law scaling in air temperature spectra may modify Pr t is warranted. The possible existence of 21 power law in the air temperature spectra can be represented here by the inequality between K d,T and K a,T . As can be seen from Eqs. (35), (32), and (33), the possible existence of 21 scaling has no impact on the Pr t,neu but affects the ratio g 2 /g 1 and, thus, Q. Figure 4 shows the variations of Pr 21 t /Pr 21 t,neu as functions of z, R g , and R f for three cases
First, Pr Businger (1988) regarding a near correspondence between z and R g . A difference is observed in the relation between Pr t and R f (Fig. 4c) . Unlike z and R g , which may increase to very large values under stable conditions, R f is limited by R fm . Again, the numerical value of this R fm is a direct outcome of the cospectral budget model, as demonstrated by Eq. (41), which is also in agreement with the values of R fm reported in the literature and assumed in the EFB model. with z, R g , and R f are modified by the possible existence of a 21 scaling in the air temperature spectra. To simplify the analysis, A TT /A T 5 1 is assumed here; but, as shown later, the exact value of A TT /A T only changes the stability impact on Pr is increased significantly when z , 0 but decreased when z . 0 because of the possible existence of a 21 power-law scaling. This result implies that when such a 21 power-law scaling is primarily observed in the air temperature spectra, Pr t becomes more sensitive to the atmospheric stability effect. This may be because of the existence of large-scale, inactive eddies under such conditions (Katul et al. 1996; McNaughton and Brunet 2002) , which cause 21 power-law scaling in the air temperature spectra and allow atmospheric stability to affect heat transport more effectively. As the extent of the 21 scaling increases (i.e., as K d,T /K a,T decreases), the sensitivity of Pr t to z becomes more prominent, especially when z , 0, as can be also seen from Fig. 5 .
Interestingly, Fig. 4 approaches near zero at a lower R f compared to the absence of a 21 scaling case. In summary, it appears that R fm is reduced as the 21 power-law scaling regime extends to larger scales or lower K for air temperature spectra.
c. The impacts of flux transfer terms on Pr t
When compared to previous phenomenological models (Gioia et al. 2010; Katul et al. 2011; Salesky et al. 2013) , the approach here allows investigation of the impacts of flux transfer terms on Pr t . As mentioned earlier, the constants in the flux transfer terms affect Pr t,neu . As such, before examining the impacts of flux transfer terms on Pr t under thermally stratified conditions, their impacts on Pr t,neu are first presented. Under neutral conditions, Eqs. (32) and (33) can be simplified to
and (42)
As such,
This expression can be further simplified into
).
( 45) It is clear that when A UU 5 0 and A TT 5 0, the above expression recovers the results of Katul et al. (2014) . When A UU 6 ¼ 0 and/or A TT 6 ¼ 0, the neutral Pr 21 t,neu depends on the ratio of Rotta constants (A U /A T ), the ratio of isotropization constants [(1 2 C IT )/(1 2 C IU )], and the constants associated with the flux transfer terms normalized by the Rotta constants (A UU /A U and/or A TT /A T ). Again, the departure of Pr t,neu from unity can result from A U 6 ¼ A T , C IU 6 ¼ C IT , or A TT 6 ¼ A UU . Interestingly, unlike A U /A T and (1 2 C IT )/(1 2 C IU ) that modulate Pr The significance of the flux transfer terms does not necessarily imply that the flux transport terms in the flux budget equations [Eqs. (7) and (8)] are significant. In fact, the gradient diffusion closure employed in the spectral domain for T uw (K) and T wT (K) ensures Ð ' 0 T uw (K) dK 5 0 and
That is, T uw (K) and T wT (K) simply redistribute covariances across K but do not produce or dissipate them thereby preserving the constant flux approximation in an idealized ASL flow.
d. The maximum flux Richardson number
As noted earlier, the maximum flux Richardson number is interpreted as a threshold above which stationarity, advection, subsidence, and flux transport terms cannot remain insignificant with further increases in R f in the ASL. Moreover, the idealized shapes (especially Kolmogorov scaling and other scaling laws at low wavenumbers) of the vertical velocity and temperature spectra assumed here break down with further increases in R f beyond R fm . A recent long-term experiment already showed that when R f . 0.2-0.25, Kolmogorov scaling no longer holds in temperature and vertical velocity spectra (Grachev et al. 2013) . So, the focus of this section is restricted to how the flux transfer terms and possible existence of a 21 power-law scaling in temperature spectra shift the magnitude of an R fm . We do not explore the turbulent state for R f . R fm , because the idealized state of the ASL and concomitant constant flux assumptions become questionable, and the idealized spectral shapes for temperature and vertical velocity previously assumed in Fig. 1 no longer hold.
The magnitude of R fm is affected by the occurrence of a 21 power-law scaling in the air temperature spectra and by the flux transfer terms. Interestingly, the flux transfer terms affect the maximum flux Richardson number only through A TT , not A UU . This is because R fm is affected by g 2 /g 1 when C IT and C T /C o are specified [see Eq. (41)], but A UU is affecting neither g 1 nor g 2 . In addition, only when K d,T 6 ¼ K a,T is g 2 6 ¼ g 1 and is R fm dependent on A TT /A T , as shown in Fig. 8 . When a 21 power-law scaling regime in the air temperature spectrum exists, the flux transfer term in the cospectral budget of heat flux affects R fm . Again, as the 21 powerlaw scaling extends to lower K, R fm is reduced consistent with it back to its value when K d,T 5 K a,T . Hence, it can be conjectured that the flux transfer term in the heat flux budget mediates the impact of the 21 power-law scaling in air temperature spectra on R fm .
Conclusions and discussion
A recently proposed cospectral budget method that links kinetic energy of eddies in the vertical direction via F ww (K) and their potential energy via F TT (K) to macroscopic relations, such as Pr t -z (or Pr t -R g ), is generalized here to accommodate extensions of the 25/3 power-law scaling in both vertical velocity and air temperature spectra for free-convective conditions, the possible existence of 21 power-law scaling in air temperature spectra under near-neutral and mildly stable conditions, and the existence of finite flux transfer terms. The generalized model reproduces the Pr t -z relation under unstable conditions and the Pr t -R g relation under stable conditions reported in many experiments and simulations. Pr decreases with R g but increases with z under stable conditions because of self-correlation.
It is shown that the dependence of Pr t on stability is primarily controlled by the ratio of the Kolmogorov and the Kolmogorov-Obukhov-Corrsin phenomenological constants (C o /C T ) and a constant associated with the isotropization of the production C IT , the value of which can be determined from rapid distortion theory in homogeneous turbulence (53/5). Changes in scaling laws of the vertical velocity and air temperature spectra that represent the kinetic and potential energy distributions of turbulent eddies, respectively, also affect the Pr t -z or Pr t -R g relation. For example, the extension of the 25/3 power-law scaling in the vertical velocity spectrum reduces the Pr t under free-convective conditions. The possible existence of 21 power-law scaling in the air temperature spectrum significantly increases the sensitivity of Pr t to z for near-neutral conditions. However, unlike changes in these scaling laws in the vertical velocity and air temperature spectra affecting the stability impact on Pr t , dissimilarity in the flux transfer terms in momentum and heat flux cospectral budgets primarily alter Pr t for near-neutral conditions Pr t,neu but not the Pr t /Pr t,neu -z or Pr t /Pr t,neu -R g relation. It is to be noted that the impacts of flux transfer terms on anomalous scaling within the inertial subrange of momentum and heat flux cospectra are excluded by setting E 1 5 0 and E 2 5 0 in Eqs. (24) and (25), respectively, thereby ensuring that such cospectra maintain a K 27/3 scaling exponent. Nonetheless, this restriction, while in agreement with numerous cospectral measurements in the ASL, implies that the impacts of flux transfer terms are not fully accounted for.
The Pr t -R f relation is shown to significantly differ from the Pr t -z relation or the Pr t -R g relation because of the presence of a maximum flux Richardson number R fm . The cospectral budgets method correctly predicted its onset and yielded a value of R fm ('0.25), consistent with those reported in the literature. Model results further suggest that both the possible 21 power-law scaling in the air temperature spectra and the flux transfer term in the heat flux cospectral budget affect the value of R fm . Possible existence of the 21 power-law scaling reduces the value of R fm , while the flux transfer term in the heat flux cospectral budget counters this reduction.
More broadly, such linkages between the energy distributions of turbulent eddies (both kinetic and potential) encoded in the spectra and macroscopic relations of the mean flow such as Pr t -R f , Pr t -z, or Pr t -R g may offer new perspectives as to when dimensional considerations and similarity theory are expected to hold. This perspective may explain why similarity theories work well for unstable and moderately stable ASL flows but not for very stable ASL flows, presumably as a result of the collapse of the spectral shapes from their idealized assumptions with increasing stability.
In addition, under stable conditions, the cospectral budget model and the energy-and flux-budget (EFB) turbulence closure model proposed by Zilitinkevich et al. (2007 Zilitinkevich et al. ( , 2008 Zilitinkevich et al. ( , 2013 both capture the Pr t -R g relation reasonably well. The EFB turbulence closure model specifies the ratio of turbulent kinetic energy and turbulent potential energy with stability, while the cospectral budget model predicts this ratio using prespecified shapes of vertical velocity and air temperature spectra. Agreement between these two seemingly separate approaches suggests novel ways to connect the underlying physics for ordinary closure schemes and spectral shapes, thereby providing new constraints on empirical closure constants. Future investigations are needed to examine other connections between these two approaches. -20, Contract 14.578.21.0033 (2014 .
